Abstract The electrocardiogram (ECG) is a biological signal that contains important information about the cardiac activities of heart. ECG signal plays a very important role in the diagnosis and analysis of heart diseases. ECG signal is corrupted by various types of noise such as electrode movement, strong electromagnetic effect and muscle noise. Noisy ECG signal has been extracted using signal processing. This paper presents a weak ECG signal denoising method based on fuzzy thresholding and wavelet packet analysis. Firstly, the weak ECG signal is decomposed into various levels by wavelet packet transform. Then, the threshold value is determined using the fuzzy s-function. The reconstruction of the ECG signal from the retained coefficients is achieved by using inverse wavelet packet transform. We carried out several experiments to show the effectiveness of the proposed method and compared the results with the traditional wavelet packet soft and hard thresholding methods for weak signal denoising. The results are satisfactory according to calculated the correlation coefficient.
Introduction
The electrocardiogram signal, which is a standard tool in identifying rhythms of the heart, is one of the most important biomedical signals (Von Borries et al. 2009 ). This signal is usually corrupted by white noise and various types of noise. These corruptions can be eliminated by using various noise reduction techniques (Li and Yang 2004) . If the signal-to-noise ratio (SNR) is under -10 dB, the signal is deduced as weak signal (Li and Yang 2004) . Thus, the weak signal denoising is an emerging application which found various practical applications in the field of radar, physic, communication, earthquake and biomedical signals (Li and Yang 2004) .
Various ECG denoising methods can be found in literature. Wiener filtering and Kalman filtering methods are the pioneering works that aim to remove the additive noises (Sayadi and Shamsollahi 2008; Lu et al. 2009 ). However, due to the non-stationary nature of the ECG signal, frequency domain filters could cause distortion in a transient interval of the signal and important clinical information may be lost (Sayadi and Shamsollahi 2008; Lu et al. 2009 ). Karel et al. (2005) suggested a performance criterion to measure the quality of a wavelet, based on the principle of maximization of the variance. Mahamoodabadi et al. (2005) developed an ECG feature extraction system based on the wavelet transform. Shantha Selva Kumari et al. presented a method which uses a wavelet-based orthogonal filter bank for cardiac signals (Strang and Nguyen 1997; Shantha Selva Kumari et al. 2007 ). Nikolaev et al. (2000) suggested a two-step algorithm for ECG. This is a Wiener filtering in the translation-invariant wavelet domain. Song et al. (2007) developed a fuzzy threshold in wavelet packet domain. Ling et al. (2008) suggested a fuzzy rule based multiwavelet ECG signal denoising. Alfaouri and Daqrouq (2008) presented a method which uses an ECG signal denoising by wavelet transform thresholding. Fazlul Haque et al. (2009) suggested a detection of small variations of ECG features using wavelet. Sharma et al. (2010) developed an ECG signal denoising using higher order statistics in wavelet subbands.
In literature, it can be seen that wavelet-based soft and hard thresholding schemas use a constant threshold and variance value for denoising the input noisy signals. When constant threshold and variance values are used in waveletbased soft and hard thresholding methods, some of the wavelet coefficients that are belong to actual signal, can be discarded due to the constant threshold value or vice versa. Thus, instead of using a constant threshold and variance values, an optimal threshold and variance values have to be determined to obtain a successful signal denoising. In this study, a new thresholding method that is based on the fuzzy s-function is proposed and the determination of the proper threshold and variance values are carried out with a basic search algorithm. This basic search algorithm is based on a trial and error method which will be explained in detail in Sect. 4. We also realized a comparative study to show the superiority of the proposed method.
The outline of this paper is as follows. Section 2 will give a short introduction to wavelet transform, wavelet packet transform and denoising using wavelet thresholding. Section 3 describes proposed method. Section 4 shows simulation results for the proposed method and performance comparison between the proposed method and the conventional thresholding methods. Section 5 is a conclusion.
Wavelet transform
Wavelet analysis is a multiresolution analysis as developed by Malat (1989) . The wavelet transform analyzes signals in both time and frequency domains, whereas other classical methods like Fourier transform are analyzed in frequency, only. ECG signal is time-varying non-stationary and thus it is an important tool for analysis of ECG signals. Wavelet transform presents best time resolution for low and highfrequency components, and so it is overcomes the fixed time-frequency like the short time Fourier transform (STFT). Figure 1 shows the tiling of the time-frequency plane.
The width of the window is changed in the wavelet transform, which is the most important characteristic of the wavelet transform. There are two functions that have to be taken into account in such a wavelet analysis: the scaling function and mother wavelet. A mother wavelet wðtÞ is a function of zero average and as follows:
The continuous wavelet transform (CVT) is defined as follows:
The transformed signal is a function of two variables, a and b, the scale and position parameters.
Wavelet packet transform
Wavelet packet transform (WPT) is an efficient tool for signal processing. WPT has special capabilities to achieve higher separation by analyzing the higher frequency domains of a signal. So the WPT is more suitable than wavelet in signal processing (Mohamed et al. 2008) . WPT uses a pair of low pass and high pass filters to split a low-frequency and a highfrequency component. So the WPT allows better frequency localization of signals (Mohamed et al. 2008) . The WPT can be viewed in Fig. 2 as a tree. The base of the tree is the original signal. The subsequent level of the tree is the result of the wavelet transforms (Mohamed et al. 2008) . 
Denoising using wavelet thresholding
Denoising can apply to the any general problem of detecting an unknown signal from noisy signal. x will denote an unknown signal to be detected, and d is the additive noise defined as follows:
where y is the noisy signal. The aim of denoising is to detect a prediction of x from the noisy signal. In the earlier works, the most common idea for detecting is low frequency of the true signal. The x can also have specific high-frequency features. Wavelet transform can preserve important high-frequency features of the true signal. So, wavelet thresholding is a method for denoising the noisy signals (Fletcher 2002) . The standard wavelet thresholding techniques of coefficients are controlled by hard and soft thresholding function (Senthilkumar et al 2008; Van Hulse et al. 2012 ). Soft thresholding is defined as following:
Moreover, hard threshold is defined as following:
A schematic illustration of the hard and soft thresholding is given in Fig. 3 . The soft and hard thresholding estimators are described by the following algorithm:
1. Compute the wavelet transform coefficients of the noisy signal. 2. Estimate the noise variance r 2 at each wavelet scale.
where med(.) denotes the median and T is the threshold value. 3. Soft or hard thresholding is performed with above positive real threshold. Soft and hard threshold are depicted in Fig. 4 . 4 Reconstruct the signal from the retained coefficients using the inverse wavelet transform.
Proposed method
As we mentioned in the introduction section, in waveletbased soft and hard thresholding methods, the thresholding parameters such as T and r are constant where T and r symbolizes the threshold and variance value wavelet
2 2 2 2 coefficients, respectively. Thus, due to the constant T and r some of the wavelet coefficients that are actually belong to the original signal, may be discarded or the noise component may be deduced as original signal. Obtaining an optimal T and r is in the aim of this paper. Moreover, we used a fuzzy s-function to construct a thresholding mechanism that is given in Eq. 8.
This spline-based curve is a mapping on the vector x, and is named because of its S-shape. The parameters a and b locate the extremes of the sloped portion of the curve (Fuzzy logic toolbox, http://www.mathworks.com/help/ toolbox/fuzzy/smf.html). Fuzzy s-function threshold are depicted in Fig. 5 .
We employed a loop-based algorithm to search the optimal parameters of the fuzzy s-function to get a better denoising. In other words, we adjust the gradient of the fuzzy s-function to yield a better performance. The block diagram of the proposed method can be seen in Fig. 6 .
The algorithm of the proposed denoising method is given as following;
Step1 Decomposing of the noisy signal using the wavelet packet transform.
Step 2 Noise variance r 2 is estimated using Eq. 6.
Step 3 The T is calculated using Eq. 7.
Step 4 Assign r and T ? r to the fuzzy s-function parameters a and b, respectively.
Step 5 Change the r in a pre-defined interval to adjust the gradient of the fuzzy s-function to obtain the highest correlation coefficient. Select the T and r according to the highest correlation coefficient.
Step 6 Reconstruct the signal from the retained coefficients using the inverse wavelet packet transform.
Experimental studies
In this paper, we assumed that the ECG signals are corrupted by the white Gaussian noise and thus, the signals are deduced as weak signals. In our experiments, we used the ECG signals that were taken from Harvard-MIT Division of Health Sciences and Technology (Harvard-MIT Division of Health Sciences and Technology, http://ecg. mit.edu/). The signals were recorded on 8-channel instrumentation tape and then digitized. The raw sampling rate of 1,440 samples per second per signal was reduced by a factor of two to yield an effective rate of 360 samples per second per signal relative to real time. An ECG signal can be seen in Fig. 7 .
A random additive white Gaussian noise (AWGN) is generated and added to the ECG signals. A noisy ECG signal is shown in Fig. 8 . The SNR value is -10 dB for this noisy ECG signal.
We continued by applying the proposed method to a noisy ECG signal and compared the results to popular soft and hard thresholding methods. A brief review of the soft and hard thresholding methods are available in Sect. 2. The noisy ECG signals were then denoised using the proposed method and other traditional thresholding methods. In all cases 'db3' wavelet was used due to its general resemblance to the ECG signals and the noisy signals were decomposed up to 8 levels. Figure 9 shows the denoised ECG signal using the proposed method. Table 1 presents a complete comparison among methods for the weak ECG signals. To evaluate the performance of the proposed method, we used the correlation coefficient (http://www.jerrydallal.com/LHSP/corr.htm). The correlation coefficient is a statistical concept that can measure of how well the predicted signal follows the actual signal. It is a measure of how well the predicted signal from a forecast model fit with the original signal (http://www.jerrydallal.com/LHSP/corr.htm).
The calculated correlation coefficients are given in the related table. Table 1 gives the calculated evaluation values for the proposed method with different SNR rates ranging from -5 to -20.6 dB. It is obvious that the obtained results are notable for all SNR rates. When the SNR rate is -5 dB, the calculated correlation coefficient value is 0.9761. Moreover, notable evaluation values such as 0.5634 correlation coefficient is also recorded when the SNR rate is -20.6 dB (Figs. 10, 11) .
We also constructed Table 1 for hard and soft thresholding methods in order to evaluate these methods Fig. 9 The denoised ECG signal using s function (SNR = -10 dB) denoising ability with different SNR rates. The SNR rates are also ranging from -5 to -20.6 dB for these methods. Moreover, hard thresholding method achieved more good results than soft thresholding when we consider the related correlation coefficients. It is evident that the proposed method is performing notably well in comparison with soft and hard thresholding methods. In all SNR rates, the proposed method shows superior performance compared to the existing methods with notable correlation coefficient values.
Conclusion
In this paper, fuzzy thresholding and wavelet packet analysis method is proposed to filter weak ECG signals. Threshold value is determined using the fuzzy s-function to remove the additive noise. It was shown that the approach could achieve notable denoising when the SNR rate is about -20 dB. Moreover, we realized a comparative study where soft and hard thresholding methods are considered. All computer simulations were carried out in MATLAB environment. We employed performance evaluation test such as correlation coefficient to calculate the quality of the compared methods. According to the calculated evaluation test the proposed method is performing notably well in comparison with soft and hard thresholding methods. In all SNR rates, the proposed method shows superior performance compared to the existing methods. Fig. 11 The denoised ECG signal using s function (SNR = -15 dB)
